I give a simple construction of certain Coulomb branches C 3,4 (G; E) of gauge theory in 3 and 4 dimensions defined by Nakajima et al. [N, BFN] for a compact Lie group G and a polarisable quaternionic representation E. The manifolds C (G; 0) are abelian group schemes (over the bases of regular adjoint G C -orbits, respectively conjugacy classes), and C (G; E) is glued together from two copies of C (G; 0) shifted by a rational Lagrangian section ε V , the Euler class of the index bundle of a polarisation V of E. Extending the interpretation of C 3 (G; 0) as "classifying space" for topological 2D gauge theories, I characterise functions on C 3 (G; E) as operators on the equivariant quantum cohomologies of M × V , for all compact symplectic G-manifolds M . The non-commutative version has a similar description in terms of the Γ-function of V , appearing to play the role of Fourier transformed J-function of the gauged linear Sigma-model V /G.
Introduction
Associated to a compact connected Lie group G and a quaternionic representation E, there are expected to be "Coulomb branches C 3,4 (G; E) of N = 4 SUSY gauge theory in dimensions 3 and 4, with matter fields in the representation E." They ought to be components of the moduli space of vacua, representing solutions of the monopole equations with singularities. Following early physics leads [SW, CH] and more recent calculations [CHMZ] , these spaces were given a precise construction in the series of papers [N, BFN] by Nakajima and collaborators in the case when E is polarisable (isomorphic to V ⊕ V ∨ for some complex V ). The case of abelian G was handled independently by Bullimore, Dimofte and Gaitto [BDG] from a physics perspective, while the case of the zero representation had been developed in [BFM] , although only later recognised as such [T1, T2] .
The C 3,4 are expected to be hyperkähler (insofar as this makes sense for singular spaces), with C 3 carrying an SU(2) hyperkähler rotation. They are constructed in [BFN] as algebraic Poisson spaces, with C × -action in the case of C 3 . We shall rediscover them as such in a simpler construction, which also illuminates their relevance to 2-dimensional gauge theory. We will build the C 3,4 for polarised E from their more basic versions for the zero representation E = 0; those are always smooth. I should mention that the main reconstruction results, Theorems 1, 2 and 4, are more elementary than their 2D gauge theory interpretation, but it is the latter which seems to give them meaning. In compromise, I have attempted to isolate gauge theory comments into paragraphs whose omission does not harm the remaining mathematics. Similarly, I have separated the story of non-commutative deformations into the final section, as that has not yet been cogently meshed with quantum cohomology.
Overview and example
The complex-algebraic symplectic manifold C 3 (G; 0) was introduced for general G in [BFM] ; for G = SU n , it had been studied in [AH] , as the space of SU 2 monopoles of charge n. The description most relevant for us is Spec H G * (ΩG; C), the conjugation-equivariant homology of the based loop group ΩG, with its Pontryagin product. From here, its rôle as a classifying space for topological 2-dimensional gauge theories was developed in [T1, T2] , where the space was denoted BFM(G ∨ ). As we now recall, this virtue of C 3 (G; 0) must be read in the sense of semiclassical symplectic calculus, and not in the sense of a spectral theoremà la Gelfand-Naimark.
(2.1) Relation with quantum cohomology. A partial summary of the classifying property of C 3 (G; 0) is that its regular functions act on the equivariant quantum cohomologies QH * G (M ) of compact GHamiltonian symplectic manifolds M , and that the E 2 structure on QH * G (M ) (and on its co-chain version) is compatible with the E 3 structure on C 3 defined by the symplectic form. This lays out QH * G (M ) as a sheaf over C 3 , with Lagrangian support. (The Lagrangian property is an equivariant generalisation of the flatness of the pencil of quantum connections.) This generalises Seidel's construction [S] of shift operators on QH * and their equivariant extension, and is the mirror description of the gauged A-model in 2 dimensions. A similar narrative applies to C 4 (G; 0) and equivariant quantum Ktheory (minding the orbifold nature of C 4 , see §3), even though the general framework for K-theoretic mirror symmetry is incompletely understood.
(2.2) Coulomb branches with matter. The universal property of the C (G; 0) leaves the new spaces C (G; E) in search of a rôle. Their new characterisation will address this riddle, which is partially rooted in an omission in [T2] . Namely, the Seidel shift operators act on QH * (M ) only when M is compact; for more general spaces, the most we expect is an action on the symplectic cohomology, when the latter is defined [R] . Equivariant symplectic cohomology SH * G (X) is sometimes a localisation of QH * G (X), in which case the space C 3 (G; 0) will capture a dense open part of QH * G (X), with portions lost at infinity. Notably, this is the case when X is a linear G-space V , or a product M × V with M compact. The lost part of QH * G (M × V ) can be captured in a second chart of C (G; 0), shifted from the original by the effect of the functor M → M × V .
This shift is implemented as follows. There is a symmetric monoidal structure on 2-dimensional TQFTs with G-gauge symmetry, the tensor product of theories (with diagonal G-action). This is mirrored in the classifying space BFM(G ∨ ) by multiplication along an abelian group structure over the ground ring H G * (point) (whose spectrum is isomorphic to the space g reg C /G C of regular adjoint orbits). The sheaf QH * G (V ) is (the structure sheaf of) a certain rational Lagrangian section ε V of this group scheme, 1 and the operation QH * G (M ) → QH * G (M × V ) is represented by multiplication by ε V . The statement of the main theorems requires preparation, and is postponed to the end of §3; the remainder of the introduction develops the following (2.3) Key example: G = U 1 , with the standard representation V = C. We have
with C × dual to U 1 : the coordinates τ and z on the two factors generate H 2 (BU 1 ) and π 1 U 1 . The natural symplectic form dτ ∧ dz/z has an intrinsic topological definition (cf. §3.1 and §5.3 below). One commonly defines the "toric mirror" of the space V as the function ("super-potential") ψ(z) = z on the space C × . The differential dψ defines the Lagrangian ε V := {τ = z} ⊂ T ∨ C × . View ε V instead as the rational section τ → z = τ of the projection T ∨ C → C, and note in passing the Legendre transform ψ * (τ ) = τ (log τ − 1) of ψ (in the sense that ε V = exp dψ * ). Functions on ε V are identified with C[τ ± ], the U 1 -equivariant symplectic cohomology of V , rather than its quantum cohomology C[τ ]. However, gluing onto (2.4) a second copy T ∨ C × with coordinates τ and z ′ = z/τ leads to the space C 2 \ {0}, with coordinates (x, y) = (z, 1/z ′ ), living over the line τ = xy. The section ε V is now the line y = 1, identified with the full τ -axis by projection.
In [BDG, BFN] , C 3 (U 1 ; V ⊕ V ∨ ) is taken to be the affine completion C 2 = Spec C[x, y]. The following characterisation is obvious: 2.5 Proposition. C[x, y] is the subring of regular functions f (τ, z) on T ∨ C × with the property that f (τ, zτ ) is also regular.
Our Lagrangian z = τ is the "Euler class of the index bundle" in the following sense. Denote by Pic(P 1 ) the moduli stack of holomorphic line bundles on P 1 ; its equivariant homotopy type is the stack BU 1 × ΩU 1 implied in (2.4). Over P 1 × Pic(P 1 ) lives the universal line bundle, associated to the standard representation V . Its index along P 1 (with vanishing constraint at a single marked point) is a virtual bundle Ind V over Pic(P 1 ), with Euler class e V ∈ H * Pic(P 1 ) [τ −1 ]. Specifically, e V = τ n on the component n ∈ Z = π 1 U 1 of Pic. The following is clear.
These propositions also capture the rôle of C (G; V ⊕ V ∨ ) in quantum cohomology: the Euler class condition picks out precisely those generalised Seidel operators which act on QH *
Hamiltonian symplectic manifold M , and it is the largest subring with that property.
* (point) acts in the natural way. Recall now that the Seidel element σ n going with z n is a "twisted 1-point function", namely the element in QH * U 1 (X) defined by evaluation at ∞ of sections of the X-bundle over P 1 associated to O(−n). All is well when X is compact: σ n is a unit with inverse σ −n . For X = M × V though, equivariant integration along the fibres of the evaluation H 0 P 1 ; O(−n) ⊗ C × V → V ∞ can acquire an Euler class denominator (a factor of τ n for n < 0, in our case). The extra factor τ in y = τ z −1 precisely cancels this denominator.
(2.8) Final detail. Propositions 2.5-2.7 generalise to all G and V , as Theorems 1 and 3 below; Theorem 2 is the K-theory analogue. I shall also describe non-commutative versions in §5. The one change needed everywhere is the inclusion, in the ground ring, of an additional equivariant parameter µ, from the natural C × -scaling of V . There is one such parameter 2 for each irreducible G-component of V , but the overall scaling suffices for the theorems. The need for such scaling is easily seen if we replace the standard representation V , in the example above, by V ⊕ V ∨ : there is a false cancellation in the Euler class, e V ⊕V ∨ = e V ∪ e V ∨ = (−1) n on the nth component. With the scaling, we get instead µ+τ µ−τ n . The latter is the homogenised total Chern class of the index bundle, rather than the Euler class, and is more naturally defined for virtual bundles, such as the index bundle over G ⋉ ΩG.
Definitions and Main results
Let us recall the construction and properties of the Coulomb branches. Up to the introduction of the Euler Lagrangians in §3.11, this is mostly a condensation of material from [BFM, BF, BFN] . I will write C 3,4 for C 3,4 (G; 0) when no confusion arises. Denote by H ⊂ G a maximal torus and by H ∨ , G ∨ the Langlands dual groups.
(3.1) The basic Coulomb branches [BFM] . The space C 3 := Spec H G * (ΩG; C) is an affine symplectic resolution of singularities of the Weyl quotient T ∨ H ∨ C /W . It arises by adjoining to T ∨ H ∨ C the functions (e α ∨ − 1)/α for all root-coroot pairs α, α ∨ of G. The C × -action, from the homology grading, scales the symplectic form. The underlying Poisson structure is the leading term of a non-commutative deformation over C[h] = H * (BR), obtained by incorporating equivariance under the loop-rotation circle R in the said homology. The rotation is revealed by writing ΩG ∼ = LG/G. (It helps to consider the two-sided groupoid G ⋉ LG ⋊ G, with a Hecke-style product: see Remarks 3.2 and 3.9 below.) For simply connected G, the spectrum of K G * (ΩG; C) is also a symplectic manifold, resolving (H C × H ∨ C )/W by adjoining the functions (e α ∨ − 1)/(e α − 1) before Weyl division. However, this space has singularities when π 1 G has torsion. Write G =G/π for the torsion subgroup π ⊂ π 1 G, H =H/π. Being a subgroup of Z(G), π acts by automorphisms on KG(X) ⊗ C of any G-space X, multiplying each π-eigenbundle by the corresponding character. We adopt the smooth symplectic orbifold π ⋉ Spec KG * (ΩG; C) as the correct definition of C 4 .
3.2 Remark (Sphere topology). Some properties of C 3,4 are explained by Chas-Sullivan theory: the underlying topological object is the mapping space from S 2 to the target stack BG, and has a natural E 3 structure. This is the Poisson form. Enforcing the loop rotation symmetry cuts this down to E 1 , because rotating 2-spheres may be strung together linearly as beads, but no longer moved around each other in the ambient 3-dimensional space.
(3.3) Group scheme structure. The Hopf algebra structures of H G * (ΩG), K G * (ΩG) over the ground rings H * G , K G of a point lead to relative abelian group structures
when π 1 G has torsion, the second base is an affine orbifold whose ring of functions is K G (point). These maps define integrable systems: χ is a partial completion of the classical Toda system [BF] ; 3 κ is its finite-difference version.
3.5 Remark (Adjoint and Whittaker descriptions). As an algebraic symplectic manifold, C 3 is the algebraic symplectic reduction T ∨ reg G ∨ C //G ∨ C of the regular (in the fibre) cotangent bundle under conjugation. There is a simliar description of C 4 using the Langlands dual Kac-Moody group (not the loop group of G ∨ ), capturing the holomorphic (but not the right algebraic) symplectic structure.
The space C 3 has another description as the two-sided symplectic reduction of T ∨ G ∨ C by N , at the regular nilpotent character. This is easily seen to be algebraic symplectic; much less obviously, it is hyper-Kähler, thanks to work of Bielawski [B] . The non-commutative deformation has a corresponding description in terms of N × N monodromic differential operators on G ∨ C [BF] . (3.6) Coulomb branches for E = V ⊕V ∨ . To build the spaces C 3,4 (G; E), we follow [BFN] , to which we refer for full details, and replace ΩG in the original C by a linear space L V → Ω a G, a stratified space whose fibres are vector bundles over the Schubert cells of the algebraic model The normalised grading is compatible with the multiplication defined by the following correspondence diagram on the fibres of L V , which lives over the multiplication of two loops γ, δ ∈ Ω a G: , and the result is independent of n. The operation has degree zero, after our renormalisation. As before, a non-commutative deformation of these spaces arises by including the loop rotation action by the circle group R on ΩG and on V [[z]]; its leading term is a Poisson structure. 3.9 Remark (E 3 Hecke property). A Laurent loop defines a transition function for a principal G Cbundle over the non-separated disk −:− with doubled origin. There is a Hecke interpretation of our multiplications from correspondences on G ⋉ ΩG and L V , all of them induced, left-to-right, by the maps relating non-separated disks with doubled and tripled centres:
The left map identifies the bottom sheet of the first with the top sheet of the second; the right inclusion hits the top and bottom centres of the triple-centred disk. The E 3 property follows by sliding the multiple centres around, as in Chas-Sullivan sphere topology. Once we insist on equivariance under loop rotation, the freedom to slide disappears and we are reduced to an E 1 multiplication; this is the non-commutative deformation of the Coulomb branches. On G-bundles, the Hecke-induced operation is represented by multiplication of transition functions, once we identify, on the left side, the top bundle on its bottom sheet with the bottom bundle on its top sheet. Next, associated to the representation V is a vector bundle over −:−, and L V is its space of global sections. The correspondence (3.8) arises by retaining those pairs of global sections on the left which match on the said pair of sheets, and then restricting them to the top and bottom sheets of the triple-centred disk.
(3.10) Scaling. Introduce the enhanced Coulomb branches in which S 1 ⊂ C × scales the fibres of L V ,
the projections to the enhanced Toda bases are defined as in (3.4), and denoted by χ(µ), κ(m), with generators µ ∈ H 2 (BS 1 ), m ± ∈ K S 1 (point). The scaling action is trivial when E = 0 and L V = Ω a G, but it will appear in the Euler class of the index bundle over G ⋉ ΩG. The notation is subtly abusive: the C • depend on the polarisation V and not just on E. For instance, switching V ↔ V ∨ leads an isomorphic space only if we also change the orientation of the rotating circle. This V -dependence disappears at µ = 0 or m = 1. We will see in §4 that the C • (G; E) are flat over C[µ], C[m ± ], so the C 3,4 (G; E) do appear by specialising to µ = 0 and m = 1.
(3.11) The Euler Lagrangians. Consider the graphs of the following rational maps from h C × C and H C × C × to H ∨ C , defined in terms of the weights ν of V , included with their multiplicities: 3.13 Remark. For generic µ and m (most meaningfully, near µ, m = ∞), the maps (3.12) are the exponentiated differentials (in ξ ∈ g C and x ∈ G C ) of the functions
The first function appeared in the abelian GLSM as the "Σ log Σ Landau-Ginzburg model" for the gauged B-model mirror of V , see [W] and cf. also Remark 5.9. The Lagrangian λ V and associated primitive appeared, for the adjoint representation, in the index formula for Kähler differentials over the moduli of G-bundles on curves [TW, Eqn. 6.2 and Thm. 6.4 ]. The relation with Coulomb branches was not known at the time; today, we would express that index formula in terms of Lagrangian calculus in C • 4 (G, 0), namely the intersection of λ V with graphs of isogenies H C → H ∨ C . (Those correspond to the Theta line bundles, and are the discrete Toda twists of the unit section of C 4 .) (3.14) Main Theorems. Multiplication by the sections ε V , respectively λ V gives a rational symplectomorphism of C • 3 , C • 4 , relative to the Toda projections of §3.10.
The automorphism is regular in co-dimension one, so affinisation is well-defined: regular functions on C • (G; E) are those regular functions on C • (G; 0) whose composition with ε V -translation remains regular. For Abelian G, Theorem 1 is evident from the presentations in [N, BDG] . The result for C 4 is completely analogous: 
Proof of Theorems 1 and 2
The proof uses the Schubert stratification of Ω a G. Even-dimensionality collapses the associated spectral sequences and leads to ascending filtrations on the rings C[C • (G; E)]. The associated graded components are easily described ( §4.7 below), and are locally free over the Toda bases. This makes the original rings locally free as well; in particular, they are flat over
I write out the proof for C • 3 ; the K-theory case is entirely parallel. Call R V the ring, implied in Theorem 1, of regular functions on C • 3 which remain regular after ε V -translation. We will see from topology how this last operation is compatible with the Schubert filtration, so that we can also define the subring G V ⊂ Gr C[C • 3 ] of symbols which remain regular after ε V -translation. Clearly, GrR V ⊂ G V . The theorem will follow from two observations:
(4.1) The index bundle. Over the stack Bun G (P 1 ) of principal G C -bundles over P 1 , there lives the virtual index bundle Ind V (of the sheaf of sections of V over P 1 , with simple vanishing condition at one marked point), an element in K 0 G×S 1 (ΩG). We include the equivariance under scaling of V , and call e V its equivariant Euler class. It is the µ-homogenised total G-equivariant Chern class of Ind V . The following two propositions must be understood after suitable localisation on the base h C /W C × C.
Proposition.
Translation by ε V on C 3 corresponds to cap-product with e V on H G×S 1 * (ΩG).
Proof. Localise on the base h C /W × C to the complement of the walls to reduce, by the fixed-point theorem, to the case of a torus, where Proposition 2.6 applies.
4.3 Corollary. The Schubert filtration is preserved by ε V -translation.
4.4 Remark. Cap-product with e V must correspond to translation by some rational section: the index bundle is additive for the sphere multiplication in G ⋉ ΩG, so its Euler class is multiplicative, and therefore represents a (rational) section of the group scheme C • over its Toda base.
Referring to the constructions in §3.6 and Remark 3.9, the stack G [[z] ]\Ω a G of G C -bundles over the double-centered disk −:− maps to Bun G (P 1 ), by performing the Hecke construction at the marked point. (This map is an equivariant homotopy equivalence, if we only retain the maximal compact subgroups of the stabilisers.) We now observe that, when restricted to
More precisely, note the two inclusions ι l,r :
, and recall that over any finite union of cells, L V contains a finite co-dimension sub-bundle. Quotienting it out regularises the difference of V [[z]]-bundles into a class in K G×R (ΩG). A moment's thought identifies this with Ind V , as the index of the Hecke transform of the trivial V -bundle on P 1 , minus that of the trivial V -bundle.
Each inclusion ι l,r defines a graded ring homomorphism ϕ l,r :
, by intersecting with the zero-section in the ambient bundle. Per our discussion, ϕ l = e V ∩ ϕ r . Using ϕ r to pin down C • 3 (G; E), Proposition 4.2 now settles Observation (i). (4.6) Working out G V . For a 1-parameter subgroup z η ∈ ΩH, with Schubert cell C η and Levi centraliser Z(η) ⊂ G, split V = V + ⊕ V 0 ⊕ V − following the sign of the η-eigenvalue. The index bundle I V splits then as I + ⊖ I − , with the ν-weight space of V ± appearing ± ν|η times in I ± . The Euler class e V factors correspondingly as e + · e −1 − , with e ± = ν (µ + ν) | ν|η | , including the scaling weight µ. The η-graded component of G V is then the submodule
Collapse of the filtration spectral sequence implies that
Now, the the homology group is generated by the fundametal class of the total space of L V over C η , and its complement in the right V [[z]] of (3.7) is precisely I − ; therefore
in agreement with (G V ) η as determined above. This settles Observation (ii).
Non-commutative deformation
Incorporating the loop rotation circle R leads to non-commutative deformations N C • 3,4 (G; E) of the Coulomb branches over the ground rings C[h] = H * (BR) and C[q ± ] = K R (point), respectively. The geometric objects exist in the formal neighbourhoods of h = 0 and q = 1; away, only the function rings survive, which we denote by A 3,4 , but keeping the conversational pretence of an underlying space N C is convenient. The arguments in §4 for their description will apply mutatis mutandis: we are missing the statements, which we summarise below before spelling out the calculation.
(5.1) Summary. The integrable abelian group structure of the C • over their Toda bases deforms to a symmetric tensor structure on A -modules 4 induced from the diagonal inclusion ΩG ΩG × ΩG. On underlying modules over the Toda base, this is the ordinary tensor product, and the tensor unit O 1 becomes the structure sheaf. For C • 3 in the Whittaker presentation (Remark 3.5), the operation comes from convolution of D-modules on the Langlands dual group G ∨ .
The Lagrangians ε V , λ V deform to modules E V , Λ V over A 3,4 , and the (rational) automorphisms of C defined by ε V , λ V -translation become the functors of convolution with E V , Λ V on A -modules. The Hamiltonian nature of the translations renders these functors (genercially) trivialisable by inner automorphisms of A . We describe the Coulomb branches N C • (G; E) as the subrings of elements of A which survive these inner automorphisms (remain regular thereunder; Theorem 4).
While our description of the N C • (G; E) is uniform, a distinction arises between formal and genuine deformations. Formally, the modules E V and Λ V are generically invertible, being analogous to flat line bundles with regular singular connections. However, explicit holomorphic solutions for the (inverse) modules are easy to find, once the deformation parameters are truly turned on. (Solutions are morphisms to O 1 .) For C 3 , the solution is the reciprocal Γ-function of V ; a q-analogue solves C 4 . These solutions define the inner automorphisms just mentioned, and are our primary objects: away from the formal limit, the modules E V , Λ V are defined from the solutions.
In the holomorphic case we can say more. The solutions make the modules E V , Λ V invertible (and trivialisable). The inverse module E −1 V is presented as a quotient 5 of A 3 by the annihilator I V of the solution Γ −1 , E
We can then also characterise N C • (G; E) as the subring of elements A 3 which preserves the inclusion
There is a parallel story for N C 4 . 5.2 Remark. In the case of C 3 for a torus, the relevant module E V is the Laplace transform of the quantum D-module for the G-gauged quantum cohomology of V ; the (inverse) Γ-function could be regarded as the Fourier transform for the small J-function (Remark 5.9). One can formulate a rather precise conjecture here, but I do not know a general proof.
Before spelling out the full story, let us review the (5.3) Key example: U 1 with its standard representation. The symplectic space T ∨ C × = Spec H U 1 * (ΩU 1 ) has a natural non-commutative deformation, realised topologically by the Pontryagin ring H U 1 ×R * (ΩU 1 ). Indeed, on π 1 U 1 , z is the shift n → n + 1, at which point the R-rotation collects an extra weight of U 1 . We compute from here the Pontryagin ring as C[h] z ± , τ with relation zτ = (τ + h)z. We now identify the non-commutative Coulomb branch H U 1 ×R Recall the h-periodic Gamma-function Γ(w; h) := h w/h−1 Γ(w/h), satisfying Γ(w+h; h) = wΓ(w; h). The relation zτ z −1 = τ + h gives
Recall that the solution space of a D-module M is RHom D (M , O). Extrapolating this language here and using for O the tensor unit module N C 3 /(z − 1) exhibits the reciprocal function Γ(τ ; h) −1 as a solution to the module N C 3 /(z −1 − τ ), the quantisation of the inverse of ε V . Holomorphy of the solution is the reason to prefer the inverse module to the original.
5.8 Proposition. N C 3 (U 1 ; V ⊕ V ∨ ) is the subring of elements of H U 1 ×R * (ΩU 1 ) which remain regular under conjugation by Γ(τ ; h) −1 .
Proof. Lemma 5.4 gives the left-to-right inclusion. The other way, we specialise to a negative z-degree (−n) in H U 1 ×R * (ΩU 1 ). Reordering factors expresses a ring element uniquely in monomials of the form (z −1 τ ) n τ m , m ≥ 0, and (z −1 τ ) a z a−n , 0 ≤ a < n.
The former are in N C 3 . The latter Γ −1 -conjugate to z −a (τ z) a−n , and these are not regular in any C[h]-linear combination, or else a right multiplication by (τ z) n would lead to a dependence among the monomials
which is pre-empted by reason of τ -degree. So no monomials of the second type can appear in a ring element that survives conjugation.
5.9 Remark. As h → 0 with arg(τ /h) bounded away from ±π/2, Stirling's approximation gives log Γ(τ ; h) = τ h (log τ − 1) − 3 2 log h + 1 2 log(2πτ ) + o(1), and we spot in the leading h −1 term the Legendre transform ψ * (τ ) of ψ(z) = z. The Legendre correspondence quantises to the Laplace transform: viewing N C 3 as the ring of D h -modules on C × , with τ = h · z ∂ ∂z , we find that the function exp(−z/h) on C × is the solution to the module D h /(τ + z), the Laplace transform of the one in Proposition 5.7. Notice that exp(−z/h) is the quantum J-function associated to the gauged linear sigma-model V /G.
(5.10) The space N C • 3 . For the general version of Proposition 5.8, we promote Γ to a multiplicative characteristic class of complex vector bundles: Γ(F ; h) := ρ Γ(ρ; h), over the Chern roots ρ of F . A priori, this is ill-defined, because Γ has a pole at 0. The reciprocal 1/Γ is entire holomorphic, but its vanishing at 0 leads to an unstable class. It can be regularised by including our equivariant mass parameter µ, scaling F ; the resulting meromorphic calculus suffices for us.
First, we note, in the formal neighbourhood of h = 0:
5.11 Proposition. Γ(V ; h) conjugates the unit module of N C • 3 into a module E V with support ε V .
Proof. This follows from the abelian calculation in the example, by localising to a dense open set in the in the Toda base.
